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A possible realization of the system approach to the simulation of thermal
fields in cassette radioelectronic devices is discussed, taking account of
the multiscaling of their hierarchical structure by the successive applica-
tion of averaging methods.

Due to the increase in power and increasing miniaturization of modern radiocelectronic
devices, the problem of predicting and controlling their thermal conditions becomes more
and more pressing. A strict hierarchy of structures of radiocelectronic devices with respect
to the levels of structural components [a microcircuit (an integrated circuit, a large-
scale integrated circuit), a board or a standard replacement element, a unit, etc.] results
in a certain schematization incalculating their thermal fields based on the system approach
[1]: the description of the thermal conditions of structural units at each hierarchical
level in terms of averaged "background" thermal fields of the constituent elements without
additional structural specification of them. Such an approach also has obvious advantages
at the design stage [2], under conditions of uncertainty of the configuration of separate
units of radiocelectronic devices.

It is natural to formulate and construct the corresponding series of adequate mathematical
models in the framework of general methods of homogenization [3-5] and averaging of hetero-
geneous systems [6, 7].

We address this issue using the example of the averaged description of stationary thermal
conditions of the standard replacement element (see Fig. 1) as a basic structural unit of
modern cassette radioelectronic devices. The equations defining detailed distributions of
thermal flows q' and temperature t' in such a heterogeneous structure are of the form
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Fig. 1. Schematic representation of a fragment of the
standard replacement element: 1) board: 2) microcir-
cuits; 3) cooling medium (air).
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A characteristic structural feature of the standard replacement elements (as well as of
the other units of radioelectronic devices) is the large number of elements contained on it
of a "lower" hierarchical level, microcircuits. This in its turn assures the smallness of
the relative scale € of the microcircuit dimensions and distances between them as compared
to design dimensions of the board along the x~axis and y-axis, which we assume to have unit
dimensions later on.

Let o'(p) be a characteristic function of the standard replacement element, and let
wr([M|) be an infinitely differentiable averaging kernel with averaging radius r > 0. We
define, following [8], for an arbitrary field value @'(p; €) on the standard replacement
element the averaging operation:

0 () = [ 0. (M—H)o" () (7) 4, (2)

where h= [w,(|M—M|)c’(5)dp is the average thickness of the board with microcircuits (h~¢e).

Then under conditions [3-5] by analogy with [9] we can affirm that for € - 0 the asymp-
totic representation of the averaged distribution ¢(M), if r is matched, and &/r »> 0 is
regular and represents a desired background (macroscale) description of the process under
study without detailed fluctuations at distances of the order of .

The formal application of the averaging procedure (2) to Egs. (1) yields
v- (ha) = hf — g3 — a5 (3)

As this takes place the average surface heat dissipation q— from each side of the standard
replacement element is defined by the equation

gE= § o, (M—M) ok P) (0)— & (1)) d5. (4)

P

The problem of the construction of the closed mathematical model of the averaged thermal
field of the standard replacement element on the basisof the balance Eq. (3) is therefore
reduced to the derivation of additional equations, relating values ¢, ¢F and t.

Solely from the considerations of simplicity of the exposition we assume later on that
all the microcircuits, differing in power in the general case, have a similar construction,
are positioned from one side of the board and are rectangular parallelepipeds with their
sides parallel to the coordinate axes with dimensions (e &y 8 (see Fig. 1). To be specific
we assume further = (:£,£,)"® and place in the center p/ with the coordinates ¥/, y/, 2/, j=
1,2, ..., of each microcircuit a special system of '"quick" coordinates X, Y, Z: p=p/+eP,
P=(X, Y, Z). We introduce in agreement with [8, 10] for r and ¢/r tending concordantly
to zero a new type of averaged characteriztics:

(M P)(p(M Py = pt m,(lM Mio' (pi -+ eP) o' (p/ + eP);

J

(5)
O(M; P)=p7 Do, (M— M) (pi +eP), 0= Do, (IM— M.
i

i

These distributions describe in average (in the r-neighborhood of the point M) detailed

processes around a particular, isolated microcircuit scaled to the scale of quick variables
P.

From the point of view of additional closing relationships for the desired character- -
istics in (3) the values of quantities in (5) are first of all determined by the asymptotlc
relationship of the form
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Fig. 2. The distributions of the conditional average density
of microcircuits on a quarter of a standard replacement ele-
ment. The degree of blackening corresponds to the variation
in the value of the conditional average density from 0 (white
tint) to 1 (black tint).

@ (M) :-;— [ @re (V) 6 (M; P)g(M; P)dP; e—0, (6)

o

between them and corresponding averages and determined by the direct check of [10].

We note that the spatial averaging used above in the construction of characteristics ¢
of type ¢ depending on the meaning and aims of the research conducter can be replaced, for
example, at the design stage by the statistical averaging over the ensemble of possible
versions of configurations of the standard replacement elements. Moreover, values (5) direc-
tly allow one to interpret [10] as conditional probability averages over a special ensemble
of "copies" of the process under study, "taken'" from the centers of microcircuits arranged
in the neighborhood of the point M under consideration. When treated in this manner they
coincide with the known analogies introduced in statistical mechanics [6]. Therefore,
further considerations and results based on definitions (2) and (5) are much wider with
respect to the application.

In the general case the problem of finding conditional average in the exact formula-
tion is equivalent to the solution of the given system of Egs. (1). However, the techno-
logical conditions for the assembly of microcircuits on a board inevitably set strict limits
on their possible arrangement and thus predefine a certain quasi regularity in configuring
the standard replacement elements. The consideration of the given feature of the construc-
tion of radioelectronic devices allows us to offer an approximate outline for constructing
distributions ¢(M; P).

Clearly, by definition o(P)=1 within the isolated microcircuit with center at the
origin of coordinates (P=0) and in the board. The above-mentioned regularity in the struc-
ture of the standard replacement elements exhibits itself in the existence of a region around
an isolated microcircuit in which there are no other radioelectronic elements and where o(P)
coincides with the characteristic function o (p/+eP). At the same time, outside
this region for |Z]<e,/(2¢) the conditional average density of microcircuits on the standard
replacement element can, as is seen from Fig. 2, vary nontrivially with the increase in IXI
and [YI. Here it is natural to isolate the two extremen simulating situations: 1) the
periodic distribution of microcircuits on the board, when the standard replacement element
is obtained by duplicating along the two noncollinear directions in the XY-plane of a cer-
tain elementary cell of periodicity @ containing one microcircuit, and o(P)=0¢’(p/4-eP) for
for any j and P; 2) the random arrangement of microcircuits, when for |Z] <&l (2¢) the value
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o(P) increase quickly from zero to its extreme average value petey with increasing. IXI
and |Y|. ,

It is essential that in the second case it is also possible to introduce into considera-
tion in the space of quick variables on the board the Q neighborhood of the origin of co-
ordinates containing one microcircuit and to approximate the conditional average density of
the distribution of microcircuits for |Z|<e,/(2¢e) by the piecewise constant function:

Co(pym [T PR, NER

7
loaz,,  NeQ. (7

The average integral error of the given approximation is minimal [10] if the cell area
mes Q==p~'¢7%, , and its boundary g(P) coincides with the curves of equal level g(P).

The fluctuations of the conditional average characteristics (5) are due to geometrical
heterogeneities — microcircuits on the board. Consequently, their fields should replicate
the properties of the distribution o(P). Thus when the structure of the standard replace-
ment element is periodic

t(M; P)—t(M--¢eN) is a periodic function with respect to X and Y. (8)

For the case of the random arrangement of microcircuits the conditional averages out-
side the @ neighborhood approach macroscale characteristics. In particular, from the con-
tinuity of the thermal flows, it follows directly that

h
_Lz_n lNed.Q ~ 710- In {NeaQ (hO = h_pg3) (9)

Thus the problem of the construction of a closed mathematical model of the averaged
description of the thermal conditions of the standard replacement element is reduced to
determining the fields of the conditional average characteristics within the cell Q, where
o, at least approximately, coincides with the characteristic function. The latter allows
us to obtain directly ’

6‘_‘}(1’)= ef (P), q(P) = — e A (P)yt (P);
. (10)
anﬁizgi@NﬁP%—%)b§i§NEQ
from the general Eqgs. (10) on the bais of definition (5).

In the derivation of (10) it was assumed in addition that»&(P)==%'Oﬂr¥8P) and o.(P)=
al(p/+eP) for any j. -

It is clear that specific features of configuring the standard replacement elements
in problem (10) are taken into account by the shape of the cell Q and by the appropriate
choice of the boundary conditions on §Q of the form (8) or (9).

Correspondingly, Eq. (6) yields all the necessary defining relations:
3
t(M) = % (dz { o(M; P)t(M; P)dX av,
~ Q - -
963 r . bd
q (M) = (dz|o(M; P)q(M; P)dXdY, (11)
v Q_ -

gEM)=pe2 | au(PY(E(M; P)—15 (M))dS.

SEWe

The factorized system of Egs. (3), (8)-(11) contains a small parameter ¢ and admits
different asymptotic representations depending on the conditions of heat exchange of the
standard replacement element with the cooling medium, which are characterized by the Biot and
Péclet numbers:

Bi=al?/ (h)), Pe=cp G/ (h}).
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For a representative class of modern radioelectronic devices a range of values of Bi
and Pe of 102-10*® is typical, which corresponds to the asymptotic process Bi, Pe - = for
¢ > 0, For this case the macroscale effects of heat exthange on the standard replacement
element are insignificant, and with a relative error of the order of O (Bi~!4-Pe™ the
terms on the left-hand side of Eq. (3) can be neglected. Besides, for eBi=1 irrespective
of the arrangement of microcircuits on the board from (8) and (9) we have

In lveon = O- (12)

The investigation of the corresponding problem (10)-(12) for the conditional averages
allows us, by taking account of its linearity, to justify strictly the equations

g% = 0x B (t—vtT — (1 — ) 5) F & (1§ —E5), (13)

in which a. = pe? 5 o (M)dS , and the coefficients o, P+, and'¥ are expressed through the
s*vee)

solutions of the particular problems and are functions of the structural and thermophysical

parameters of the board and microcircuits. Indeed, if we designate by u the solution of

problems (10)-(12) for #*=0 , and we designate by v the solution of the same system for

f::O,tjczl,t;'==O , then it can be shown that

prf=u*/u; vy =v; @ =0_v” = a (I —v¥), (14)

where

In particular, if & < &u &'and h & Ax Dy then it is not difficult to find out that

w = K, (2R, — 1) (8a -+ D(16Ry): ™ = K, (2Rs — 1) ¢/(2Ry); (15)
i = K¢ (ae, + b8 4 cho)/(K.e, + K.8 + ho); (16)

v =K, [(a+ 1/8)e, + b8 + (c + d) hol/(Ky &, + KB + ho); (17)

v™ = (2R5— 1) (KeeRy + (1 — K.) Ry R3)/(2Ry R5 Ry). (18)

Here R;= 0,5 + Mf(ase,); Ry = 0,5+ Agf(ciz -ho); RT = 0,5+ Ag/(aqhy); Re =Rz +R3; R =05+ Ry -+ M (0.5
+ R3)/(hge)+08hy/(2,he); a=(8Ry X(R — R;) — R)/(8R); ¢ = RyRyhhy/(Rhse,); Ko == £,8,/(Az0,); b = c+(8hy/
[(hohs) +R5 -+ 0,5)/R3; d = (1 —K,) R5/(K.Ry).

Now for the final values of the criterion Bi ~ 1, when ¢ - 0, the coefficients Bi in
Egs. (3) and (13) become close to unity, and Egs. (10) assume the form

T APVLP) = 0; gnlpgs* =0; NEQ (19)

and in conjunction with the boundary conditions (8) or (9) on the basis of (11) define the
macroscale thermal flow on the standard replacement element in Eg. (3)

g = — Ayt. (20)

The coefficient of effective thermal conductivity A in the general case is a tensor and
depends substantially on the nature of the thermal interaction of the microcircuits with the

board.
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For the case of small thicknesses of microcircuits and the board, the problem (8),
(9), (14) can be reduced to the plane problem, which is solved by the variational method.
As a result, for the periodic arrangement of microcircuits the tensor A has only diagonal
components Axx, Ay, determined from the equation

Agx = dy {14 Ao+ A Ath(B)/[1 + A, th (B) -cth V3CA,), (21)

where Ay = (b — A3) K3/7\430§. Ay = Ay/ —‘/_7‘307%3; Ag = hgolhos; Agp = exhy/Ay + (1 — 8of/Ax) hoy Ags = £ho/ Ay (1 — &,/
A hgy Ay == (Aghy -+ Ao, E 4 KlﬁD)r/(ho + 8D 4 Ee); A = Ay — 2 )/(AK, VSC); D = (Mg, + 20) /(22,4 2%26+:27»%h0/3);

B=(, — ¢g) V—3_E/€y;i/E = (Me,/8)/(he, + 20,8 + 2Aihe/[8) € =ej/fe, (A —ex)l.: The expression for l_Ayy
is obtained from (21) by interchanging indices x and y.

We neote that the discrepancies between the results of calculations according to (21)
and numerical data [11] do not exceed 1Z.

The obtained equations (14)-(18), (21) clearly verify the conclusion [12] that the
effective characteristics of heat exchange depend significantly on the design features of
microcircuits and the board and their thermophysical properties. .

Concluding the discussion of the results of the application of averaging methods to the
simulation of the thermal conditions of the standard replacement elements we note first of
all that-they are easily extended to the case of configuring the standard replacement ele-
ments by a number of different types of microcircuits.

The realization of similar considerations '"from the bottom up' at each strcutural level
of the radioelectronic device results in the construction of the hierarchical sequence of
models. For example, by supplementing Egs. (3), (13), and (15) by the equations of convec-
tive heat exchange in the gaps between the standard replacement elements we obtain the system
describing the detailed temperature fields in the module — the analog of system (1) for the
standard replacement element. Applying the corresponding averaging procedure gives a macro-
scale model of the background thermal conditions for the next structural level. The cal-
culation of thermal fields in the radioelectronic unit is realized successively '"from the
top down" with the detailing of its structure. We emphasize also that the approach con-
sidered allows us to take account of thermal interaction of separate structural units at
each hierarchical level of the radiocelectronic device in terms of average thermal fields.'

In this case the conditional average thermal fields allow us to estimate the corresponding
temperature fluctuations in its elements.

NOTATION

cp, specific heat capacity of the cooling medium; f, volumetric power of heat evolution;
G, mass flow rate of the cooling medium overunit length of the gap between the standard re-
placement elements; h, the average thickness of the standard replacement element taking ac-
count of microcircuits; h,, the board thickness; 1, characteristic design size of the board;
M, projection of thepoint on the xy-plane; N, projection of the point P on the XY-plane;
{3, a cell, the neighborhood of a microcircuit; V, the volume of the cell Q; As Ay , cell
dimensions when the shape is rectangular; p, a point in space with the coordinates x, vy, z;
q, the vector of the heat flow density; 4§, intensity of heat exchange on the surfaces of
the standard replacement element [defined in (4)]; P, a point in the space of quick variable
with the ccordinates X, Y, Z; s(S), surface of the standard replacement element (in the
space of quick coordinates); t and t,, temperature of the standard replacement element and
of the cooling medium; u, v, auxiliary functions defining effective coefficients of thermal
resistances in (14); a, coefficient of heat exchange; «, B, v , coefficient of heat exchange
and coefficients of thermal resistances of the standard replacement element in (13); e, rela-
tive characteristic size of microcircuits; e« ey, &z , dimensions of microcircuits (defined
in Fig. 1); @) , coefficient of effective heat exchange; p, density of the arrangement
of microcircuits on the board [defined in (5)]; o, characteristic function of the standard
replacement element; ¢ , an arbitrary field value; v(V) , gradient operator (in the space
of quick variables). Indices: =—, +, lower and upper side of the standard replacement ele-
ment (defined in Fig. 1); ', detailed microscale characteristics; underscore, conditional
average characteristics; 1, 2, and 3, microcircuit, substrate, and board, respectively;
%(y), on x-axis (on y-axis).
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